On volumes and filling collections of multicurves by Cremaschi, Tommaso et al.
ON VOLUMES AND FILLING COLLECTIONS OF MULTICURVES
TOMMASO CREMASCHI, JOSE ANDRES RODRIGUEZ-MIGUELES AND ANDREW YARMOLA
Abstract: Let Γ be a hyperbolic link in a Seifert-fibered space N over a surface
S of negative Euler characteristic. When Γ is stratified, as defined in this
paper, we show that the volume of N \ Γ is quasi-isometric to expressions
involving distances in the pants graph. When S is a punctured torus or a
four punctured sphere and N = PT 1(S), we show that the canonical lift Γ̂
of a filling collection Γ of essential simple closed curves is always stratified
and that the volume is quasi-isometric to curve complex distance. Lastly,
we given large families of stratified hyperbolic canonical links in PT 1(S).
1. Introduction
Let S = Σg,k be a hyperbolic surface, which is an orientable smooth surface of genus g with
k punctures and negative Euler characteristic. Consider a link Γ in a Seifert-fibered space
N over S. In [RMC], the authors demonstrate that NΓ
.
= N \ Γ is hyperbolic whenever NΓ
is acylindrical and Γ is a lift of a filling collection Γ of essential closed curves in minimal
position via the canonical Seifert projection pi : N → S. We are interested in the relationship
between vol(NΓ) and topological invariants of Γ. One should think of Γ as a weak version
of a link diagram where crossing data is forgotten. In this paper, we partially reconstruct
this missing data through the use of canonical lifts and the notion of stratification.
Several upper and lower bounds for vol(NΓ) in terms of invariants of Γ have been studied
in the literature, see [BPS17a, BPS17b, FH13, RM17]. For example, in [RMC] the first and
second author gave an upper bound which is linear in terms of the self-intersection number
of Γ, a fact reminiscent of classical results in knot theory. In fact, they show that this
bound is asymptotically optimal. The best known lower bound is given in [RM17, RMC]
and uses a measure of the complexity of Γ ⊆ S relative to a pants decomposition. However,
this lower bound is at most a constant for filling collections of multicurves1 in minimal
position. In the special setting where N is the projectivised tangent bundle PT 1(S) and Γ
is replaced by the canonical lift Γ̂ of Γ, that is the set of tangents to Γ, there is a geometric
The second author gratefully acknowledges support from the Academy of Finland project 297258 ”Topo-
logical Geometric Function Theory” also from the grant 346300 for IMPAN from the Simons Foundation
and the matching 2015-2019 Polish MNiSW fund.
1A multicurve is a disjoint union of non-parallel essential simple closed curves. However, we do allow for
two multicurves in a collection to have parallel components.
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upper bound. In [BPS17a], the authors show that for every hyperbolic structure X on S,
there is a constant CX such that vol(NΓ̂) ≤ CX`X(Γ), where `X gives the length of the
geodesic representative. However, since vol(N
Γ̂
) is independent of the choice of X, this
bound demonstrates some odd behaviour, see [RM17] for examples.
For our results, we define the notion of stratification for Γ as follows. In Section 5.2, we give
abundant natural families of stratified canonical lifts of filling collections of multicurves.
Definition 1. A link Γ ⊆ N is stratified if one can decompose Γ into sub-links {Γj}ni=1 such
that there is a disjoint properly embedded collection of incompressible surfaces {Si}ni=1 ⊆ N
with Γi embedded in Si for each i. Otherwise, Γ is said to be unstratifiable.
The Si are called stratification surfaces and we assume that {Si}ni=1 is cyclically ordered
around the S1-fiber. We call the collection of pairs H = {(Γi, Si)}ni=1 a stratification of Γ.
Example 1.1. A motivating example is the slit torus construction in Figure 1. There, the
horizontal curve α and the vertical curve β fill Σ2,0. If we puncture the vertices of the slit, α̂
and β̂ become stratified in PT 1(Σ2,2) by the horizontal and vertical line fields arising from
the flat structure. In Section 5.2, we extend this construction to a general setting.
β
α
Figure 1. Filling curves α, β on Σ2,2 with α̂, β̂ stratified in PT
1(Σ2,2).
In Section 3, we show that a stratification H = {(Γi, Si)}ni=1 of a hyperbolic link can
be realized by horizontal surfaces2, so Si
iso'f S1, were iso'f denotes fiber-wise isotopy.
We make a canonical choice for these homeomorphisms by cutting N along SH
.
= S1 and
using the “downward” projection to define ΓHi
iso'f Γi. Let ψH denote the “bottom-to-
top” monodromy of the cut along SH, then N is naturally homeomorphic to the map-
ping torus SH × I/(x, 0) ∼ (ψH(x), 1). Lastly, define the complexity of a stratification as
κ(H) = 3gH − 3 + kH, where SH ∼= ΣgH,kH .
With P(S) denoting the pants graph of S, we use the work of Brock [Bro03] to show:
2A horizontal surface in a Seifert-fibered space is one that is everywhere transverse to the S1-fiber.
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Theorem A. Let N be a Seifert-fibered space over a hyperbolic surface S and Γ ⊆ N be
a hyperbolic link. If H = {(Γi, Si)}ni=1 is a stratification of Γ, then there exist constants
K1 > 1 and K0 > 0, depending only on κ(H), and pants decompositions PXi , PYi of SH
with ΓHi ⊆ PXi ,ΓHi+1 ⊆ PYi for i = 1, . . . , n, such that:
1
nK1
(
n∑
i=1
dP(SH)(PXi , PYi)
)
≤ vol(NΓ) ≤ K1
(
n∑
i=1
dP(SH)(PXi , PYi)
)
+ nK0
where ΓHn+1 = ψH(ΓH1 ) ⊆ PYn .
The pants decompositions in Theorem A arise by taking the covers associated to the strat-
ifing surfaces and choosing shortest pants decompositions on their conformal boundaries.
Therefore, they intrinsically rely on the geometry of NΓ. However, we can obtain the
following purely topological result.
Theorem B. Let N be a Seifert-fibered space over a hyperbolic surface S and Γ ⊆ N be
a hyperbolic link. If H = {(Γi, Si)}ni=1 is a stratification of Γ, then there exist constants
K1 > 1 and K0 > 0, depending only on κ(H), such that:
1
nK1
inf
P
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
≤ vol(NΓ) ≤ K1 infP
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
+ nK0
where P = {Pi}ni=1 are any pants decompositions with ΓHi ⊆ Pi and Pn+1 = ψH(P1).
1.1. Applications
Our main interest is to apply the above results to the study of canonical link complements
in PT 1(S). In this setting, we can often remove the dependence on the stratification com-
plexity κ in Theorems A and B by using the following result.
Proposition C. Let S be a hyperbolic punctured surface and Γ ⊆ S a collection of essential
closed curves in minimal position. If Γ̂ is stratified by horizontal surfaces and a component
of Γ is simple, then there exists a stratification H of Γ̂ by sections of pi : PT 1(S) → S. In
particular, all curves in Γ are simple and non-zero in H1(S).
A lingering question – the existence of stratified hyperbolic canonical links – is addressed in
Theorems E, F and Section 5.2, where we give infinite families of stratified canonical links.
One of our observations is that given for a filling pair of essential simple curves, we can
always add punctures to the surface to make them stratified. In particular, this gives us a
new asymptotically optimal upper bound:
Theorem D. Let S be a hyperbolic surface, N = PT 1(S), and let (α, β) be a filling pair of
essential simple closed curves on S in minimal position. Then there are constants K1 > 1
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and K0 > 0, depending only on S, with
vol(N
(α̂,β̂)
) ≤ K1 inf
Pα,Pβ
dP(S)(Pα, Pβ) +K0,
where Pα, Pβ are any pants decompositions of S with α ∈ Pα, β ∈ Pβ. Further, when S has
punctures, this bound is asymptotically optimal.
In the case of Σ1,1 and Σ0,4, we show that Γ̂ is always stratified, giving the stronger result
Theorem E. Let S = Σ1,1 or Σ0,4, N = PT
1(S), and let Γ be a filling collection of non-
parallel essential simple closed curves in minimal position. Then, there exists constants
K1 > 1 and K0 > 0, depending only on S, and an ordering Γ = {γi}ni=1, such that:
1
K1
(
n∑
i=1
dC(S)(γi, γi+1)
)
≤ vol(N
Γ̂
) ≤ K1
(
n∑
i=1
dC(S)(γi, γi+1)
)
+ nK0,
where γn+1 = γ1.
An ulterior motivation is to understand the sharpness of the lower-bound of [RM17]. We are
able to construct specific examples in which this lower-bound, given by counting homotopy
classes of arcs in pairs of pants, is universally bounded, while the volume blows up:
Theorem F. Let S = Σg,k be a hyperbolic surface with (g, k) equal to (0,m+4), (1,m+1)
or (g, 2 + gm) for m ∈ N and N = PT 1(S). Then, there exists a sequence {(αn, βn)}n∈N
of filling pairs of essential simple closed curves on S in minimal position with the property
that dC(S)(αn, βn)↗∞ and a hyperbolic metric X on S such that:
vol(N
(α̂n, β̂n)
)  dC(S)(αn, βn)  log (`X(αn) + `X(βn))
where  denotes quasi-isometry with constant depending only on S. Further, for any
subsurface decomposition W of S, one has∑
Y ∈W
]{homotopy classes of αn and βn-arcs in Y } < 6(κ(S) + 3)κ(S) for all n ∈ N.
Corollary 1.2. Let S = Σ1,1 or Σ0,4, N = PT
1(S), and let (αn, βn) be a sequence of filling
pairs of essential simple closed curves in minimal position on S. Then there is a constant
C > 0 and for any hyperbolic metric X on S there is a constant CX > 0 such that:
lim sup
n→∞
vol(N
(α̂,β̂)
)
log(ι(αn, βn))
≤ C and lim sup
n→∞
vol(N
(α̂,β̂)
)
log(`X(αn) + `X(βn))
≤ CX
Further, there are sequences where both equalities are attained.
Remark 1.2. We strongly suspect that log(`X) is asymptotically optimal in more gener-
ality for stratified canonical lifts. For canonical lifts of non-simple closed curves, there are
examples where volume grows at least as fast as `X/ log(`X), see [RM17]. Note, volumes
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of canonical lifts can grow at most as fast as `X by [BPS17a]. For arbitrary lifts, the story
is different. In [RM17], there are examples where volume grows at least as fast as `X .
Further, since i(Γ,Γ) ≤ KX`X(Γ)2 for any collection of essential closed curves [Bas13], the
intersection number bound of [RMC] gives a universal upper bound of `2X for arbitrary lifts.
Finally, in Section 5.2, we demonstrate that stratified collections of multicurves are easy to
construct using flat metrics arising from both quadratic differentials and from foliations of
pseudo-Anosov diffeomorphisms. These Theorems are as follows:
Theorem G. Let X be a complex structure on Σg,m. Then every q ∈ Q(X) with k
singularities gives rise to a collection cyl(q) of essential simple closed curves on Σg,k such
that {Γ ⊆ cyl(q) | Γ is finite and Γ̂ is hyperbolic in PT 1(Σg,k)} is infinite.
Theorem H. Let ϕ be a pseudo-Anosov on Σg,m whose stable (and unstable) foliation has
k singularities. There are infinitely many pairs (γ1, γ2) of essential simple closed curves on
Σg,k such that the canonical lift of Γn = (ϕ
n(γ1), γ2) is stratified and hyperbolic for n ≥ K,
which depends on Σg,k and dC(Σg,k)(γ1, γ2). Further, there are constants A > 1 and B > 0,
depending only on Σg,k, such that:
1
A
dC(Σg,k)(ϕ
n(γ1), γ2)−B ≤ vol(NΓ̂n) for n ≥ K.
As seen in Proposition C, not all canonical lifts can be stratified. We give further non-trivial
examples in the following proposition.
Proposition I. Let S be a hyperbolic punctured surface that is not Σ1,1 or Σ0,4 Then,
there exists a pair (α, β) of simple closed geodesics such that (α̂, β̂) is unstratifiable.
Remark 1.3. We conclude by pointing out that the Seifert-fibered spaces containing strat-
ifiable links can be obtained as mapping tori MψH
.
= SH × I/(x, 0) ∼ (ψH(x), 1) where ψH
has finite order. Modifying the definition of a stratification by asking that all stratifying
surfaces induce fibrations, our results should extent to mapping tori Mψ in which there are
no restriction on the mapping class ψ.
Outline. In Section 2, we recall some background and in Section 3 we study the nature
of stratification surfaces. In Section 4, we prove the general volume bounds of Theorem A
and Theorem B. Section 5 is devoted to applications in which we construct our examples
of stratified and unstratifiable canonical links.
Acknowledgments. The first and second author would like to thank Ian Biringer for
inspiring conversations. The second author thanks Pekka Pankka for discussions on these
topics. The third author would like to thank David Gabai for helpful discussions and
continued support.
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2. Preliminaries
In the following sections we recall some facts and definitions about the topology of surfaces
and 3-manifolds. For references, see [Hem76, Hat07, Jac80].
All objects are assumed to be smooth throughout this paper unless otherwise stated.
2.1. 3-manifolds and surfaces
An orientable 3-manifold M is said to be irreducible if every embedded sphere S2 bounds a 3-
ball. A map between manifolds is said to be proper if it sends boundaries to boundaries and
pre-images of compact sets are compact. A connected properly immersed surface Σ # M
is pi1-injective if the induced map on the fundamental groups is injective. Furthermore, if
Σ ↪→M is properly embedded, two-sided3 , and pi1-injective we say that it is incompressible.
If Σ ↪→ M is a non pi1-injective two-sided surface, then by the Loop Theorem there is a
compressing disk D2 ↪→M such that ∂D2 = D2 ∩ Σ and ∂D2 is non-trivial in pi1(Σ).
An irreducible 3-manifold (M,∂M) is said to have incompressible boundary if every map of
a disk (D2, ∂D2) ↪→ (M,∂M) is homotopic via a map of pairs into ∂M . Therefore, (M,∂M)
has incompressible boundary if and only if each component Σ ∈ pi0(∂M) is incompressible
(i.e. pi1-injective). An orientable, irreducible and compact 3-manifold is called Haken if it
contains a two-sided pi1-injective surface. A 3-manifold is said to be acylindrical if every
map (S1×I, ∂(S1×I))→ (M,∂M) can be homotoped into the boundary via maps of pairs.
An essential surface (Σ, ∂Σ) ↪→ (M,∂M) is an incompressible, ∂-incompressible properly
embedded surface. An essential loop γ in a surface Σ is a non-peripheral pi1-injective loop.
A compact 3-manifold M is hyperbolic if its interior admits a complete metric of constant
negative sectional curvature. Similarly, a link L ⊆M is hyperbolic if M \L is a hyperbolic 3-
manifold4. By the Geometrization Theorem [Per03b, Per03c, Per03a], a compact 3-manifold
is hyperbolic if and only if it is irreducible, contains no essential tori and pi1 is infinite.
2.2. Curve and pants graph
In general, we let Σg,k denote a smooth orientable surface of genus g with k punctures. A
multicurve on S is a disjoint union of non-parallel essential simple closed curves. Note, when
we speak of collections of multicurves, we do allow for two multicurves in a collection to
have parallel components. A multicurve is a pants decomposition of S if it has the maximal
possible number of components, which is equal to κ(S) = 3g − 3 + k, the complexity of S.
We will make use of two important graphs associated to a surface, for details see [Sch04].
Let S be a hyperbolic surface different from Σ1,1,Σ0,4 and Σ0,2. Then, the curve complex
3The normal bundle on Σ in M is trivial.
4M \ L denotes the compact manifold obtained by deleting an open regular neighborhood of L form M
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C(S) of S is the metric graph obtained by taking S, the set of free homotopy classes of
essential simple closed curves in S, as vertices and letting α, β ∈ S be connected by an edge
if they can be realised disjointly on S. For Σ1,1 and Σ0,4, a similar definition exists where
dC(S)(α, β) = 1 ⇔ ι(α, β) ≤ 1 or ι(α, β) ≤ 2, respectively, where ι(·, ·) is the geometric
intersection number.
We will also use of the pants graph P(S), see [Sch04] for details. The vertices of P(S) are
isotopy classes of pants decompositions of S and two pants decompositions have distance
1 if and only if there is an elementary move taking one to the other. An elementary move
replaces a curve γ in a pants decomposition with another curve γ′ that is disjoint from all
other pants curves such that either (1) ι(γ, γ′) = 2 when γ is in the boundary of two distinct
pairs of pants or (2) ι(γ, γ′) = 1 when γ is in the boundary of the same pair of pants. We
let dP(S) denote the induced metric distance in the pants graph.
For a collection S of simple closed curves in S and a non-annular, connected, incompressible
subsurface Y ⊆ S, the subsurface projection projY (S) ⊆ C(Y ) is the obtained from S ∩ Y
by closing up any arcs along ∂Y in a consistent manner. Let dY (S) denote the diameter of
projY (S) in C(Y ). Given a constant C > 0 and number a ∈ R, let [a]C = 0 if a ≤ C and
[a]C = a otherwise. We can now state an important formula of Masur and Minsky:
Theorem 2.1 ([MM00, 6.12]). There is a constant C0(S) such that for any C ≥ C0(S),
there exist constants c1 > 1 and c0 > 0 with the property
1
c1
dP(S)(P1, P2)− c0 ≤
∑
Y⊆S
[dY (P1 ∪ P2)]C ≤ c1dP(S)(P1, P2) + c0
for any P1, P2 ∈ P(S) and the sum is over all non-annular connected incompressible Y ⊆ S.
2.3. Line fields
Definition 2.2. A line field ξ on S is a section of pi : PT 1(S)→ S. The punctures of S are
called singularities of ξ. We will often conflate ξ with its image surface in PT 1(S). Recall
that line fields are always integrable by the Frobenious Theorem.
Let x be a singularity of a line field ξ on S. Hopf associates to such a singularity a half-
integer indξ(x) ∈ 12Z, defined as follows. Pick a small closed curve α : [0, 1]→ S bounding
a disk around x with no other singularities on or inside α. Further, make α small enough to
be contained in some coordinate chart. Let ~v(0) be a vector at α(0) parallel to ξ(α(0)) and
pick a continuous extension of ~v(t) at α(t) such that ~v(t) is parallel ξ(α(t)) for all t ∈ [0, 1).
We can measure the number of total rotations of ~v(α(t)) relative to the local coordinates as
we traverse α. Hopf shows that this gives a half-integer indξ(x) ∈ 12Z which is independent
of the various choices involved. The interested reader can reference (Chapter III, [Hop89])
for more information and pictures of line fields and possible singularities.
We recall the following well-known result in the theory of line fields over closed surfaces:
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Theorem 2.3 (Poincare´-Hopf). If ξ is a line field on Σg,k with singularities x1, ..., xk, then
n∑
i=1
indξ(xi) = 2− 2g.
Lastly, we mention the operation of inflating ξ along a simple closed curve γ with (γ, γ˙) ⊆ ξ.
To inflate, we simply cut along γ and replace it with a cylinder whose line field is parallel to
the boundary. Gluing this cylinder back and smoothing produces a new smooth line field.
3. Stratified links in Seifert-Fibered spaces
Let N be a Seifert-fibered space over a hyperbolic surface S and Γ ⊆ N a link. In this
paper, we restrict to the sub-class of links Γ that arise as lifts of a collection Γ of essential
closed curves in minimal position on S. Drilling a regular neighbourhood of Γ, we obtain
NΓ
.
= N \ Γ. The following result of the first two authors tells us when NΓ is hyperbolic.
Lemma 3.1 ([RMC]). Let Γ be a collection of essential closed curves on a hyperbolic
surface S in minimal position and let N be a Seifert-fibered space over S. Then a lift
Γ ⊆ N of Γ is hyperbolic if and only if Γ is filling on S and Γ is acylindrical.
In our setting, where we work with curves in minimal position, acylindrical amounts to
“separating” any two lifts of parallel components by lifts of transverse curves. To obtain
our volume bounds on NΓ, we will need some additional control over the lifts Γ.
Definition 1. A link Γ ⊆ N is stratified if one can decompose Γ into sub-links {Γj}ni=1 such
that there is a disjoint properly embedded collection of incompressible surfaces {Si}ni=1 ⊆ N
with Γi embedded in Si for each i. Otherwise, Γ is said to be unstratifiable.
The Si are called stratification surfaces and we assume that {Si}ni=1 is cyclically ordered
around the S1-fiber. We call the collection of pairs H = {(Γi, Si)}ni=1 a stratification of Γ.
Our first fact about stratifications follows from general properties of of Seifert-fibered spaces.
Lemma 3.2. Let N be a Seifert-fibered space over S and let Γ ⊆ N be a stratified hyper-
bolic link. Then, each stratifying surface Si is isotopic to an essential horizontal surface.
Proof. Since each Si is an essential properly embedded surface, Proposition [Hat07, 1.11]
gives Si
iso' Fi where Fi is either a vertical torus or a horizontal surface. Assume that F1 is
a vertical torus. It follows that all the Si’s must be vertical tori as they are disjoint. We
then see that βi = pi(Si) is a simple closed curve on S for each i and that the βi’s are all
disjoint. Hence, Γ is a lift of {βi}ni=1. However, by Lemma 3.1, N \ Γ cannot be hyperbolic
as {βi}ni=1 in not filling, a contradiction. Thus, F
iso' Si must be horizontal for all i. 
As a direct application of Proposition [Hat07, 1.11], we further have:
ON VOLUMES AND FILLING COLLECTIONS OF MULTICURVES 9
Corollary 3.3. Let N be a Seifert-fibered space over S and let Γ ⊆ N be a stratified
hyperbolic link. Then, there is an isotopy of N such that all Si are horizontal surfaces.
Moreover, if Γ is transverse to the fibers, we can assume that the isotopy is rel Γ.
Remark 3.4. For N to contain horizontal surfaces, S must either be punctured or the
Euler number e(N) must be zero.
Given a stratification H = {(Γi, Si)}ni=1, cut N along S1 to see that Si
iso'f S1 for all i,
were
iso'f denotes fiber-wise isotopy. Let SH .= S1 and use the “downward” projection to
define ΓHi
iso'f Γi. Note that ΓHi is a multicurve for each i. Let ψH be the “bottom-to-top”
monodromy of the cut along SH, so N is naturally homeomorphic to the mapping torus
SH × I/(x, 0) ∼ (ψH(x), 1) and ψH is a periodic element of the mapping class group of S.
Lastly, define the complexity of a stratification, where SH ∼= ΣgH,kH , as κ(H) = 3gH−3+kH.
Lemma 3.5. Let N be a Seifert-fibered space over S and let Γ ⊆ N be a stratified link
with stratification H = {(Γi, Si)}ni=1 by horizontal surfaces. Then, up to isotopy of Γ in⋃n
i=1 Si ⊆ N , {ΓHi }ni=1 is in minimal position on SH.
Proof. Since N \ SH iso' SH× I and Γi is a multicurve on Si for each i, it follows easily that
any Reidemeister type II or III move applied to {ΓHi }ni=1 can be realised by an isotopy in⋃n
i=1 Si ⊆ SH × I, and therefore in N . 
3.1. Stratified Canonical Links
We now focus on the case where N = PT 1(S).
Definition 3.6. Let γ be a closed curve in S. The canonical lift γ̂ ⊆ PT 1(S) is the lift
(γ(t), γ˙(t)), where γ˙(t) is the tangent line at γ(t).
Care needs to be taken when dealing with homotopy classes of closed curves and canonical
lifts. In particular, introducing self-intersections will change the isotopy class of the lift.
Definition 3.7. A homotopy h : S1 × I → S between two self-transverse closed curves is
transversal if ht is self-transverse for all t ∈ I.
A transversal homotopy ht between closed curves α and β in S induces an isotopy in PT
1(S)
between α̂ and β̂, see [RM17, Sec. 2]. Hass-Scott proved that any two self-transverse min-
imal representatives are transversally homotopic, in particular to a unique closed geodesic
for a fixed non-positively curves metric on S. Thus, we have:
Lemma 3.8. Let Γ1, Γ2 be two collections of essential closed curves on S in minimal
position such that ϕ(Γ1) = Γ2 for some ϕ ∈ Diff(S). Then, NΓ̂1 is homeomorphic to NΓ̂2 .
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Therefore, when Γ is a collection of essential closed curves in minimal position, it is enough
to look at the geodesic representative of Γ is a hyperbolic metric on S or even on a singular
flat metric on S, provided the geodesics avoid the singularities. Further, this guarantees
that whether or not Γ̂ is stratifiable is a well defined property of Γ.
Corollary 3.9. Let Γ1, Γ2 be two collections of essential closed curved on S in minimal
position such that ϕ(Γ1) = Γ2 for some ϕ ∈ Diff(S). If Γ̂1 is stratified, then so is Γ̂2.
We now turn to analyzing properties of stratifications of canonical lifts.
Lemma 3.10. Let S = Σg,k with k > 0 and let γ ⊆ S be an essential simple closed curve.
Then there exists a properly embedded, horizontal, incompressible surface Z ⊆ PT 1(S)
with γ̂ ⊆ Z if and only if [γ] 6= 0 ∈ H1(S).
Proof. (⇐) Assume that [γ] 6= 0. Let X be as complex structure on S and consider a
Jenkins-Strebel differential q on X associated to γ. Recall that q is a meromorphic quadratic
differential with simple poles at the punctures and has the property that all non-singular
leaves of the foliation Fh,q = ker Im√q are closed and isotopic to γ, see [Str84] for details.
One should think of Fh,q as a cylinder with intervals on the boundary identified to build S.
Case 1. γ is non-separating in S. Since all singular leaves of Fh,q are horizontal and
finite length, the union of all singular leaves is a connected graph containing all singulari-
ties. Collapsing the edges of this graph via Whitehead moves, we can assume that all the
singularities of Fh,q to live at the punctures of S.
Case 2. γ is separating in S. By assumption, [γ] 6= 0 ∈ H1(S), so each component of
S \ γ contains a puncture. In this case, the union of all singular leaves of Fh,q has two
components corresponding to the pieces of S \ γ. Collapsing the edges of this graph via
Whitehead moves, we assume that all the singularities of Fh,q to live at the punctures of S.
Thus, the line field tangent to Fh,q is a section S → PT 1(S) whose image contains γ̂.
(⇒) Assume that [γ] = 0 and there is a properly embedded, horizontal, incompressible
surface Z ⊆ PT 1(S) with γ̂ ⊆ Z. Since [γ] = 0, it follows that S \ γ has a component Y
that is a compact surface with ∂Y = γ and genus > 0. By construction, the projection
p
.
= pi|Z : Z → S is a covering map, so ∂(p−1(Y )) = p−1(γ) and every component of p−1(Y )
is a surface of genus > 0.
From another perspective, let U ⊆ Z be small enough such that p|U is a homeomorphism.
Then U ⊆ PT 1(S) defines a line field on p(U). Pulling back these line fields via p over all
such U gives a line field η on Z. Since γ̂ ⊆ Z is a canonical lift, η must be tangent to γ̂ ⊆ Z.
Now, consider the restriction of η on p−1(γ). Since Z is embedded, p−1(γ) is a disjoint
collection of loops in the torus pi−1(γ) ⊆ PT 1(S). In particular, η must be transverse to
all components of p−1(γ) except for γ̂. Now, let Y0 be a component of p−1(Y ). Then η|Y0
is a line field on Y0 that is transverse to ∂Y0 \ γ̂ and tangent to γ̂ whenever γ̂ ⊆ ∂Y0. In
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either case, we can cap off ∂Y0 with disks extending η to have singularities of index +1 in
each disk. Let Y1 be the closed surface obtained by capping off Y0. Then, by Poincare´-Hopf
2.3, we must have that ]∂Y0 = χ(Y1). However, χ(Y1) ≤ 0 since Y1 has genus g > 0 but
]∂Y0 > 0, which is a contradiction. It follows that γ̂ cannot live on Z. 
Proposition C. Let S be a hyperbolic punctured surface and Γ ⊆ S a collection of essential
closed curves in minimal position. If Γ̂ is stratified by horizontal surfaces and a component
of Γ is simple, then there exists a stratification H of Γ̂ by sections of pi : PT 1(S) → S. In
particular, all curves in Γ are simple and non-zero in H1(S).
Proof. Let {Si}ni=1 be the given horizontal stratification surfaces for Γ̂ and let γ1 be the
simple closed curve in Γ. By the proof of Lemma 3.10, [γ1] 6= 0 ∈ H1(S) and we can find
a line field ξ ⊆ PT 1(S) containing γ̂1. Let Γ1 ⊆ Γ be the set of curves tangent to ξ up to
isotopy of Γ in S. By Corollary 3.9, we can extend this isotopy to F
.
=
⋃n
i=1 Si and assume
that Γ̂1 ⊆ ξ. Further, up to inflating of ξ, we can assume that ξ is parallel and tangent to
Γ1 in a regular neighborhood of Γ1 on S. Note, we are ignoring the sub-link decomposition
of Γ̂ and components of Γ̂1 can live on different Si’s.
Up to fiber-wise isotopy, we make F transverse to ξ and, by deleting a small neighborhood
of the punctures, we assume that S, PT 1(S), F , and ξ all have boundary.
Claim 1. F is obtained, up to fiber-wise isotopy, by surgery on parallel copies of ξ over a
collection M of pairwise disjoint properly embedded essential arcs in ξ such that M∩Γ̂1 = ∅.
Proof of Claim: Since ξ and F both contain Γ̂1, there is an open regular neighbourhood
U ⊆ ξ of Γ̂1 and an isotopy of N rel Γ̂ such that U ⊆ F . Note, U is a union of annuli and
pi−1(U) ∩ F is a collection of parallel annuli over each component of U as F is embedded.
Further, we can assume that U is small enough so that ξ on pi(U) is parallel to Γ1 and ∂U is
the canonical lift of ∂pi(U). Since ξ has boundary, we can build ξ from U by only attaching
1-handles Dj along arcs mj ,m
′
j on ∂U . Notice that pi
−1(Dj) is solid torus and pi−1(Dj)∩F
is a collection of parallel discs. It follows that F is obtained by annual surgery along the
collection M =
⋃
j{mj ,m′j} in ξ. By construction, these arcs are disjoint from Γ1 ⊆ U and
each m ∈M is the canonical lift of pi(m) since m ∈ ∂U . 
Claim 2. For γ̂ ∈ Γ̂, either γ̂ ⊆ ξ or γ̂ ∩ ξ = ∅.
Proof of Claim: Assume that γ̂ ∩ ξ 6= ∅ for some γ̂ ∈ Γ̂. Let U and M be as in the proof
of Claim 1. Since γ̂ ⊆ F , we can assume that γ̂ is either in Γ̂1 or γ̂ avoids U by shrinking
it as necessary. By the construction in Claim 1, N
.
= (F \ U) ∩ ξ is a disjoint union of arcs,
each of which lives in a regular neighbourhood of some m ∈ M. Since each m ∈ M is a
canonical lift of pi(m), we can assume the same for all elements of N. Let W ⊆ ξ be a
regular neighbourhood of N in ξ and let R ⊆ N be a regular neighbourhood of ξ in N such
that F ∩R ∩ pi−1(pi(W )) is a collection of disjoint strips, see Figure 2.
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ξ
∂ξ
V ⊆ F
γ̂
Figure 2. Local picture of F ∩ R ∩ pi−1(pi(W )). Dotted lines are ∂W
and vertical annuli are part of F . The red arcs are parts of γ̂.
Figure 3. The two possible projection of δ to S. Neither is smooth.
Since γ̂ ⊆ F , the arcs of γ̂ that intersect ξ must pass into these strips. Let V ⊆ F be such
a strip containing an arc δ of γ̂. By making R small enough, we can assume that either δ
crosses V or δ dips though V to be become tangent to ξ, see Figure 3.
Since F is horizontal, pi(V ) is a neighborhood pi(n) for some arc n ∈ N. Because n is the
canonical lift of pi(n), it follows that ξ is an almost parallel line field in pi(V ) tangent to
pi(n). Consider pi(δ), which is must be a smooth arc with canonical lift δ. However, in the
two possible cases for δ ⊆ V , the projection pi(δ) will have a cusp at pi(δ ∩ n) tangent to
pi(n), which contradicts smoothness, see Figure 3. 
By Claims 1 and 2, we can cut away the annular surgery that produces F from parallel
copies of ξ without cutting Γ̂. Thus, Γ̂ lives on parallel copies of ξ, which give us the
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stratification by sections. It follows that all curves in Γ must be simple and, by Lemma
3.10, they are all non-zero in H1(S). 
Lemma 3.11. Let S be a hyperbolic punctured surface and α, β a filling pair of essential
simple closed curves on S in minimal position. Then α̂, β̂ is stratified if and only if every
simply connected component of S \ (α ∪ β) is a rectangle.
Proof. Let {Di}ni=1 be the connected components of S \ α ∪ β. Note that Di is either a
2mi-gon or a punctured 2mi-gon for some mi ∈ N as α and β-arcs have to alternate on ∂Di.
Figure 4. The 2mi-gon around xi and the line field ξ, where red arcs
belong to α and blue ones to β.
Assume that α̂, β̂ is stratified and let, by Proposition C, ξ be the line field on S tangent to
α. When Di is punctured, let xi be the puncture in Di. Otherwise, let xi be any point in Di.
Since ξ tangent to α and transverse to β, we can use ∂Di to compute indξ(xi) = (2−mi)/2,
see Figure 4. If Di does not contain a puncture, Poincare´-Hopf 2.3 tells us that indξ(xi) = 0,
so mi = 2 and Di is a rectangle.
α-arc
β-arc
Figure 5. Examples of a right angled 2-gon and 6-gon with cone points.
Conversely, assume that all simply connected components of S \ α ∪ β are rectangles. We
will build a flat metric on S with singularities exactly at the punctures. If Di is a rectangle,
give Di the flat metric of a unit square. If Di is a punctured 2mi-gon, we can can realise
Di as a flat right-angled 2mi-gon with sides of a length 1 and a cone point of angle mipi at
the puncture, see Figure 5. Gluing these flat metrics along the edges gives a flat metric on
S. Up to rotating by pi/2, we can assume that α is a horizontal curve in this metric and β
is vertical. The horizontal and vertical line fields give a stratification α̂, β̂. 
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A direct corollary of Lemma 3.11 allows us to add punctures to stratify α̂, β̂.
Corollary 3.12. Let α, β a filling pair of essential simple closed curves in minimal position
on Σg,m with m > 0. Then puncturing all k non-rectangular simply connected components
of Σg,m \ α ∪ β makes α̂, β̂ stratified in PT 1(Σg,m+k) while keeping α, β filling on Σg,m+k.
Further, k is bounded by a function in χ(Σg,m).
Remark 3.13. We can extend Corollary 3.12 to include pairs α, β of essential simple closed
curves where instead of minimal position we assume that α ∪ β only requires Reidemeister
type II moves to get to minimal position. Then, puncturing the associated embedded bigons,
we can stratify the curves. However, the bound on k will depend on the number of bigons.
4. Volume Bounds
The aim of this section is to show our two main volume estimates:
Theorem A. Let N be a Seifert-fibered space over a hyperbolic surface S and Γ ⊆ N
a hyperbolic link. If H = {(Γi, Si)}ni=1 is a stratification of Γ, then there exist constants
K1 > 1 and K0 > 0, depending only on κ(H), and pants decompositions PXi , PYi of SH
with ΓHi ⊆ PXi ,ΓHi+1 ⊆ PYi for i = 1, . . . n, such that:
1
nK1
(
n∑
i=1
dP(SH)(PXi , PYi)
)
≤ vol(NΓ) ≤ K1
(
n∑
i=1
dP(SH)(PXi , PYi)
)
+ nK0
where ΓHn+1 = ψH(ΓH1 ) ⊆ PYn .
and
Theorem B. Let N be a Seifert-fibered space over a hyperbolic surface S and Γ ⊆ N
a hyperbolic link. If H = {(Γi, Si)}ni=1 is a stratification of Γ, then there exist constants
K1 > 1 and K0 > 0, depending only on κ(H), such that:
1
nK1
inf
P
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
≤ vol(NΓ) ≤ K1 infP
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
+ nK0
where P = {Pi}ni=1 is are any pants decompositions with ΓHi ⊆ Pi and Pn+1 = ψH(P1).
Definition 4.1. Let ccvol(M) denote the convex-core volume of a hyperbolic 3-manifold
M . Recall, that ccvol(M) < ∞ if and only if M is geometrically finite. Let P ⊆ ∂M5 be
a collection of pairwise disjoint essential simple closed curves6 and all tori components of
∂M . Define GF (M,P ) to be the collection of geometrically finite structures on M with
parabolic locus containing P . That is, pi1(P ) is parabolic in each structure in GF (M,P ).
5By M we mean the manifold compactification of M obtained by the Tameness Theorem [Ago04, CG06].
6Note, it is common in literature to use a thickening of these loops.
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Remark 4.2. By [MT98], GF (M,P ) is parametrized by the Teichu¨ller space T (∂M \ P ).
This parametrization is realized via the conformal boundary at infinity of N ∈ GF (M,P ).
Lemma 4.3. For M ∈ GF (S × I, ∂S × {1/2} ∪ α × {0} ∪ β × {1}), where α and β are
multicurves, there are constants K1 ≥ 1 and K0 ≥ 0, depending only on S, and pants
decompositions PX , PY of S with α ⊆ PX , β ⊆ PY , such that:
1
K1
dP(S)(PX , PY )−K0 ≤ ccvol(M) ≤ K1dP(S)(PX , PY ) +K0.
Proof. By the Bers Density Theorem [Mar07], there is a sequence Qn ∼= Q(Xn, Yn) of
quasi-Fuchsian manifolds with geometric limit M where Xn, Yn ∈ T (S). This sequence
corresponds to pinching α on Xn and β on Yn. By [Bro03, 1.2], there are constants K1 ≥ 1
and K0 ≥ 0, depending only on S, such that for all n ∈ N:
1
K1
dP(S)(PXn , PYn)−K0 ≤ ccvol(Qn) ≤ K1dP(S)(PXn , PYn) +K0
where the PXn , PYn ∈ P(S) are the Bers pants decompositions [FM11, 12.8] corresponding
to the conformal structures Xn, Yn, respectively. Since Qn →M geometrically we have that
ccvol(Qn) → ccvol(M). Further, Xn → X and Yn → Y for some nodal surfaces X and Y ,
with α and β pinched, respectively. Thus, for large enough n, the pants decompositions
PXn , PYn are constant and equal to PX , PY , which contain α and β, respectively. 
Let H = {(Γi, Si)}nj=1 be a stratification of a hyperbolic link Γ ⊆ N . As every Si is two-
sided and N is orientable, we can make a canonical choice of parallel copy Σi of Si obtained
as the “top” boundary of a regular neighbourhood of Si. The choice can be made with all
Σi’s disjoint. Let pii : Ni → NΓ be the geometric cover of NΓ corresponding to pi1(Σi).
Lemma 4.4. If a hyperbolic link Γ ⊆ N admits a stratification H = {(Γi, Si)}ni=1, then
vol(NΓ) ≤
n∑
i=1
ccvol(Ni).
Proof. Since Γ is hyperbolic, we can assume that each Si is an essential horizontal surface
carrying Γi, see Section 3 for details. It follows that Yi
.
= Si \ Γi is an incompressible,
nonseparating surface in NΓ, so by results of [CHMR17], it has a least area representative
Y ′i in NΓ. Moreover, by [FHS83], since Y
′ has an embedded representative, it is itself
embedded. Further, still by [FHS83], Y ′i and Y
′
j are disjoint for i 6= j as they have disjoint
homotopic representatives.
Consider, the components Ai of NΓ \
⋃n
i=1 Y
′
i . Notice that ∂Ai = Y
′
i ∪ Y ′i+1 lifts home-
omorphically to Ni, the cover constructed from pi1(Σi). By [FHS83], since these lifts are
least area surfaces, they are contained in CC(Ni), the convex core of Ni. Thus, Ai lifts to
A˜i ⊆ CC(Ni) and vol(Ai) ≤ ccvol(Ni). As the Ai’s decompose NΓ, the result follows. 
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We now prove Theorem A by proving two lemmas each of which shows one of the bounds.
Lemma 4.5. If H = {(Γi, Si)}ni=1 is a stratification of a hyperbolic link Γ ⊆ N , then there
exist constants K1 > 1 and K0 > 0 depending only on κ(H), and pants decompositions
PXi , PYi of SH with ΓHi ⊆ PXi ,ΓHi+1 ⊆ PYi for i = 1, . . . n, such that:
vol(NΓ) ≤ K1
(
n∑
i=1
dP(SH)(PXi , PYi)
)
+ nK0
where ΓHn+1 = ψH(ΓH1 ) ⊆ PYn .
Proof. By Lemma 4.4, we know that:
vol(NΓ) ≤
n∑
i=1
ccvol(Ni)
By the Covering Theorem [Can96], all the Ni’s are geometrically finite and by the Tame-
ness Theorem, [Ago04, CG06], we know that the manifold compactification N i of Ni is
homeomorphic to Fi × I for some surface Fi. Moreover, since the surface Σi ⊆ NΓ lifts
homeomorphically to Ni and induces a cusp preserving homotopy equivalence, it must be
that Fi ∼= Σi ∼= SH. Therefore,
Ni ∈ GF (SH × I, ∂SH × {1/2} ∪ ΓHi × {0} ∪ ΓHi+1 × {1})
and Lemma 4.3 implies that for all i:
ccvol(Ni) ≤ K1dP(SH)(PXi , PYi) +K0.
Hence, the result follows. 
Lemma 4.6. If H = {(Γi, Si)}ni=1 is a stratification of a hyperbolic link Γ ⊆ N , then there
exist constants K1 > 1 and K0 > 0 depending only on κ(H), and pants decompositions
PXi , PYi of SH with ΓHi ⊆ PXi ,ΓHi+1 ⊆ PYi for i = 1, . . . n, such that:
1
nK1
(
n∑
i=1
dP(SH)(PXi , PYi+1)
)
≤ vol(NΓ)
where ΓHn+1 = ψH(ΓH1 ) ⊆ PYn . Moreover, K1 and PXi , PYi are the same as in Lemma 4.5.
Proof. The idea is to follow the proof of [Bro03, 4.1] and use short geodesics to bound the
volume of NΓ from below.
Fix 0 < L < min{µ3, L2}, where µ3 is the 3-dimensional Margulis constant and L2 is the
Bers constant for SH. Denote by GL = GL(NΓ) the set of homotopy classes of geodesics in
NΓ of length less than L. Since NΓ is a finite volume hyperbolic 3-manifold, by Lemma
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[Bro03, 4.8], there is a constant C1 > 1 depending only on L, such that:
|GL|
C1
< vol(Nε(N≥εΓ )) < vol(NΓ),
where Nε(N≥εΓ ) is the ε-neighbourhood of the ε-thick part of NΓ, with 0 < ε < L/2. As
in Lemma [Bro03, 4.2], we need to bound |GL| by pants distances. Let S be the collection
of homotopy classes of essential simple closed curves in SH. Given a proper embedding
h : SH ↪→M , define
ShL(M) = {α ∈ S | `M (h(α)) < L} .
Since SH
iso'f Si iso'f Σi, we have well defined embeddings hi : SH ↪→ Ni. Then, by Lemma
[Bro03, 4.2] and the geometric limit argument of Lemma 4.3,
dP(SH)(PXi , PYi+1) ≤ K1|ShiL (Ni)|
where K1 is a constant depending only on SH. This gives:
n∑
i=1
dP(SH)(PXi , PYi+1) ≤ K1
n∑
i=1
|ShiL (Ni)|.
Moreover, for every γ ∈ ⋃ni=1 ShiL (Ni), we know that
`NΓ(pii(hi(γ))) ≤ L,
where pii : Ni → NΓ are the covering maps. Thus, we get that
⋃n
i=1 pii(ShiL (Ni)) ⊆ GL. To
get a count, we need to see how many elements of
⋃n
i=1 ShiL (Ni) can be homotopic in NΓ.
Since all elements of SL(Ni) are homotopically distinct in Ni, their projections are distinct
in NΓ. Thus, if pii(hi(α)) ∼ pij(hj(β)) for some α, β, i, and j, then i 6= j. Therefore,
1
n
n∑
i=1
|ShiL (Ni)| ≤ |GL|,
which gives
1
n
n∑
i=1
dP(SH)(PXi , PYi+1) <
K1
n
n∑
i=1
|ShiL (Ni)| ≤ K1|GL|
and we are done. 
Remark 4.7. If we assume that each pair ΓHi ,Γ
H
i+1 fills SH, then pii(hi(α)) ∼ pij(hj(β)) in
NΓ implies that j must be equal to either i + 1 or i − 1, but not both. This is because if
two loops α ∈ Ni−1 and β ∈ Ni+1 are homotopic in NΓ, then NΓ would not be acylindrical,
contradicting hyperbolicity. Thus, if we let UL =
⋃n
i=1 pii(ShiL (Ni)) ⊆ GL, we get that every
element of UL contains at most two projections of elements of the ShiL (Ni). Therefore,
1
2
n∑
i=1
|ShiL (Ni)| ≤ |GL|.
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Hence,
1
2
n∑
i=1
dP(SH)(PXi , PYi+1) <
K1
2
n∑
i=1
|ShiL (Ni)| ≤ K1|GL|.
By combining Lemmas 4.5, and 4.6, we obtain Theorem A.
Before we can prove Theorem B, we will need the following quasi-isometry result about
pants graphs of essential subsurfaces.
Proposition 4.8. Let P1, P2 be pants decompositions of a hyperbolic surface S that are
in minimal position. Let V ⊆ S be obtained from the minimal incompressible subsurface
containing P1 ∪ P2 by removing all annular components. Then there are constants A > 1
and B > 0, depending only on S, such that:
1
A
dP(V )(P ′1, P
′
2)−B ≤ dP(S)(P1, P2) ≤ dP(V )(P ′1, P ′2)
where P ′i = V ∩ Pi are pants decompositions of V .
Proof. Let Q = P1 ∩ (S \ V ) = P2 ∩ (S \ V ) be the cores of the annular components that
we removed. Consider the inclusion P(V ) ↪→ P(S) given by P ′ 7→ P ′ ∪Q. Then trivially
dP(S)(P1, P2) ≤ dP(V )(P ′1, P ′2),
which gives us the right-hand side of the desired inequality since P ′i ∪Q = Pi.
For the lower bound, recall that Theorem 2.1 gives a constant C0(S) such that for any
C ≥ C0(S) there exist c1 > 1, and c0 > 0 such that:
1
c1
dP(S)(P1, P2)− c0 ≤
∑
Y⊆S
[dY (P1 ∪ P2)]C ≤ c1dP(S)(P1, P2) + c0
where the sum is over all non-annular connected incompressible subsurfaces Y ⊆ S. We
will apply this formula to both S and all possible subsurfaces V to get the constants A,B.
Claim. There exists C > 0 such that if [dY (P1 ∪ P2)]C 6= 0 then Y ⊆ V .
Proof of Claim: Let projY denote the subsurface projection of multicurves in S to multic-
urves in Y . If Y 6⊆ V then Q∩Y 6= ∅. Thus, projY (P1) and projY (P2) are both collections
of coarsely defined pairwise disjoint simple closed curves containing projY (Q). Hence, the
diameter dY (P1 ∪ P2) ≤ 2 and so the result follows by taking C > 2. 
Since the set of possible topological types of V ⊆ S is finite, we can take
C0 = max
V
{C0(V ) | V ⊆ S is incompressible with no annular components}
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Then, taking C ≥ max(C0, 3), for each V we get c0(V ) and c1(V ), with the property that:
1
c1(V )
dP(V )(P ′1, P
′
2)− c0(V ) ≤
∑
Y⊆V
[dY (P
′
1 ∪ P ′2)]C Claim======
Claim
======
∑
Y⊆S
[dY (P1 ∪ P2)]C ≤ c1(S)dP(S)(P1, P2) + c0(S)
Thus,
1
c1(V )c1(S)
dP(V )(P ′1, P
′
2)−
c0(V ) + c0(S)
c1(S)
≤ dP(S)(P1, P2)
To make this hold for all V , we take the constants
A
.
= max
V
c1(V )c1(S) B
.
= max
V
c0(V ) + c0(S)
c1(S)
.
Moreover, note that Q was completely arbitrary and had no influence in the constants. 
We now prove our combinatorial bounds.
Theorem B. Let N be a Seifert-fibered space over a hyperbolic surface S and Γ ⊆ N
a hyperbolic link. If H = {(Γi, Si)}ni=1 is a stratification of Γ, then there exist constants
K1 > 1 and K0 > 0, depending only on κ(H), such that:
1
nK1
inf
P
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
≤ vol(NΓ) ≤ K1 infP
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
+ nK0
where P = {Pi}ni=1 are any pants decompositions with ΓHi ⊆ Pi and Pn+1 = ψH(P1).
Proof. Taking an infimum in Lemma 4.6 gives the lower bound. The rest of the proof will
focus on the upper bound.
Let M = SH×S1 with the projection piH : M → SH. Since ϕH is periodic, we get a natural
finite cover q : M → N , where the degree m is controlled by κ(H). Drilling the full preimage
Γ
′ .
= q−1(Γ) gives an m-degree cover of NΓ, which is hyperbolic, so m·vol(NΓ) = vol(M \Γ
′
).
Let P = {Pi}ni=1 be a collection of pants decompositions of Si with Γi ⊆ Pi. Our goal will
be to use P to build a hyperbolic link L ⊆ M containing Γ′. Since Γ′ ⊆ L, we know that
vol(M \ Γ′) < vol(M \ L), so it is enough to bound vol(M \ L).
Step 1: Build L. Start with L = Γ′, we will add elements as follows. The lifts of the
stratification and the pants decompositions can be ordered as
H′ = {S1, . . . , Sn, ϕH(S1), . . . , ϕH(Sn), ϕ2H(S1), . . . , ϕm−1H (Sn)} = {S′i}n′i=1
P′ =
{
P1, . . . , Pn, ϕH(P1), . . . , ϕH(Pn), ϕ2H(P1), . . . , ϕ
m−1
H (Pn)
}
=
{
P ′i
}n′
i=1
giving a notion of height, where n′ = m · n. Over every component γ of P′, there is a torus
Tγ = γ × S1. Let Oγ = Tγ ∩P′ be the curves in P′ that are contained in Tγ . Since M \ Γ′
is hyperbolic, Tγ is hit transversely by Γ
′ ⊆ P′ at least once. Cut Tγ into cylinders along
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the stratification surfaces where P′ \Oγ hits Tγ transversely, see Figure 6. Whenever such
a cylinder contains an element of Oγ , we add the element of lowest height in that cylinder
to L. Repeating this for all components of P′ gives L. For each component γ of P′, let
Aγ ⊆ Tγ be the cylinder containing γ and η(Aγ) ∈ pi0(L) be the loop added to L from Aγ .
We still need to show that L is hyperbolic. Since Γ′ is hyperbolic and stratified in M ,
Lemma 3.5 implies that piH(Γ
′
) ⊆ SH is a collection of essential closed curves in minimal
position, possibly after an isotopy in M . By Lemma 3.1, it follows that piH(Γ
′
) must be
filling. As L contains Γ′ and is stratified by the horizontal surfaces {S′i}n
′
i=1, we get that
piH(L) is also in minimal position and filling after maybe an isotopy in M . Since L is
acylindrical by construction, we apply Lemma 3.1 again to see that it must be hyperbolic.
S′i
S′i+1
S′i−1
γ2
η(Aγ2)
γ1
Aγ2
Aγ1
γ3 = η(Aγ3)
Aγ3
Aγ4
Figure 6. Examples of the cylinders Aγi . The curves γ1, γ2 and γ3 are
labeled, while γ4 is outside the picture. The thick curves are elements
of L, while all the other curves are not included.
Let r = m · n · κ(H) and let Y = {Yt}rt=1 be the connected components of
⋃n′
i=1(S
′
i \ P ′i ).
Note that each Yt is a pairs of pants. We can make Yt properly embedded in M \ L as
any boundary component γ of Yt that is not in L lies in the cylinder Aγ . Indeed, each Aγ
has a unique representative η(Aγ) ∈ L isotopic to γ in M \ L, so we can isotope Yt in a
neighbourhood of Aγ to be properly embedded and S1-fiber transverse. Further, we can do
this isotopy such that the collection Y is properly embedded and disjoint, see Figure 7.
Step 2: Decompose M \ L. Let Σi be a positive push-off of S′i such that Σi meets Y
minimally. Then Σi ∩Y is a collection of simple closed curves and cutting
⋃n′
i=1 Σi along Y
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S′i−1
S′i+1
S′i
S′i−2
Figure 7. Diagram of a surgery to the Yt’s to make them properly
embedded. The circles correspond to elements of L, the dotted lines
are the annuli Aγ , and the arcs leaving the circles are the surgered
components. The surfaces are as in Figure 6 with the addition of S′i−2.
The red wavy arcs represent the Fj ’s obtained from Σi.
gives a collection F = {Fj}sj=1 of non-annular, connected, incompressible subsurfaces of the
Σi’s and a bunch of annuli. We can make F properly embedded in M \L by continuing each
∂Fj parallel to the cylinder in Y that cut it off. Further, we can do this such that F is disjoint
from Y, see Figure 7. Notice that Σi is cut exactly along Qi = {γ | γ ∈ P ′i and γ ∈ P ′i+1},
the isotopic simple closed curves shared between Pi and Pi+1 when realized on Σi. This
follows from the surgery construction since γ ∈ P ′i+1 is surgered along Aγ if and only if it
is isotopic to some curve in P ′i .
Let M = {Mj}sj=1 be the connected component decomposition of M \ L cut along Y. By
construction, there is a bijection between Mj ’s and Fj ’s given by Fj ⊆ Mj . Further, for
each j, we have that Mj ' Fj × I. Notice that ∂Mj \ (∂Fj × I) decomposes into two copies
of Fj where each copy carries a natural pants decompositions arising form the cut Y. These
pants decompositions are precisely P (Fj)
+ = Fj ∩P ′i+1 and P (Fj)− = Fj ∩P ′i since the Fj ’s
are components of Σi \Qi. Further, by the definition of Qi, P (Fj)± must be transverse on
Fj . These observations imply
Claim 1: Either Mj ' Σ0,3× I or Mj ' Fj × I with κ(Fj) > 0 and ∂Mj \ (∂Fj × I) carries
the transverse pants decompositions P (Fj)
±.
When Mj ' Σ0,3 × I, the boundary is a pair of isotopic Yt’s, so we can simply remove one
of them from the collection Y. Let Y∨ = {Yt}r′t=1 be obtained from Y by selecting a unique
representative from each isotopy class in Y rel ∂(M \ L). Similarly, we get M∨ = {Mj}s′j=1
and F∨ = {Fj}s′j=1 by cutting M along Y∨ and dropping all Fj with κ(Fj) = 0, respectively.
Note, we keep the indexing such that Fj ⊆ Mj and Mj ' Fj × I. We now have that Fj1
and Fj2 are isotopic in M \ L rel boundary if and only if j1 = j2.
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Step 3: Make the decomposition geometric. Each Yt ∈ Y∨ has a minimal area representa-
tive Y ◦t , which by [CHMR17] is a totally geodesic embedded trice punctures sphere. By
[FHS83], since the Yt’s are disjoint, their minimal representatives are disjoint or coincide,
the latter happening precisely when they are homotopic. Further, since the Yt’s are prop-
erly embedded essential surfaces in M \ L, homotopic can be replaced by isotopic using
Waldhausen’s results [Wal68]. By construction, none of the representatives coincide and we
get the collection Y◦ = {Y ◦t }r
′
t=1 of disjoint totally geodesic thrice punctured spheres. Let
M◦ be the connected component decomposition of M \ L cut along Y◦.
Claim 2: Each element of M◦ is isotopic to some Mj ∈ M∨. Further, with M◦j ∈ M◦
isotopic to Mj , we have that M
◦
j is the convex core of some manifold in
GF (Fj × I, ∂Fj × {1/2} ∪ P (Fj)− × {0} ∪ P (Fj)+ × {1}).
Proof of Claim: The isotopies of Yt to Y
◦
t can all be combined to an isotopy of M \ L
taking Y∨ to Y◦, since the Y∨ is a collection of disjoint, non-isotopic, properly embedded
surfaces. Thus, each Mj ∈M∨ is taken to some element of M◦. Since Y◦ is a collection of
totally geodesic thrice punctured spheres, we see that ∂M◦j is totally geodesic and maximally
cusped, so M◦j is convex. By construction, the cusps are the elements of P (Fj)
±. 
Step 4: Compute volume bound. For each Σi, let Vi be the union of the Fj ’s with κ(Fj) > 0
that arise from Σi cut along Qi. Notice that Vi is precisely the subsurface of Σi obtained
from the minimal incompressible subsurface containing Pi ∪ Pi+1 by removing all annular
components. By applying Lemma 4.3 and Claim 2 to each M◦j ,we get that:
vol(M \ L) =
r′∑
j=1
vol(M◦j ) ≤
r′∑
j=1
(
K1 · dP(Fj)(P (Fj)−, P (Fj)+) +K0
)
Grouping all Fj ’s to form Vi and applying Proposition 4.8 gives,
vol(M \ L) ≤
n′∑
i=1
(
K1 · dP(Vi)(P (Vi)−, P (Vi)+) +K0
) ≤ n′∑
i=1
(
K3 · dP(SH)(P ′i , P ′i+1) +K2
)
Since P ′m·k+i = ψ
k
H(Pi) and n
′ = m · n, we obtain
m · vol(NΓ) = vol(M \ Γ
′
) ≤ vol(M \ L)
≤
n∑
i=1
(
m∑
k=1
(
K3 · dP(SH)(ψkH(Pi), ψkH(Pi+1)) +K2
))
=
n∑
i=1
(
m · (K3 · dP(SH)(Pi Pi+1) +K2))
= m ·
n∑
i=1
(
K3 · dP(SH)(Pi, Pi+1) +K2
)
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where we use the invariance of dP(SH) under the mapping class group. By taking the
infimum over P, we conclude
vol(NΓ) ≤ K3 infP
(
n∑
i=1
dP(SH)(Pi, Pi+1)
)
+ nK2.

5. Applications to PT 1(S)
5.1. Canonical lift complements for Σ1,1 and Σ0,4
In this section, we study canonical lift complements of filling collections of essential simple
closed curves in S = Σ1,1 or Σ0,4. Before proceeding, let us remark on the following useful
correspondence between essential simple closed curves in the surfaces Σ1,0,Σ1,1 and Σ0,4.
Lemma 5.1 (2.6, [FM11]). The inclusion map of Σ1,1 in Σ1,0, and the hyperelliptic involu-
tion from Σ1,0 to Σ0,4, induce bijections between the sets of basepoint-free homotopy classes
of essential simple closed curves of Σ1,0, Σ1,1, and Σ0,4. Further, this extends to transversal
homotopy classes of collections of essential simple closed curves in minimal position.
We will also make use of the following fact, which follows from all the graphs in question
being isomorphic to the Farey graph, see [Sch04].
Lemma 5.2. If S = Σ1,1 or Σ0,4, then there is a natural isometry between P(S) and C(S).
Our goal for this section is to prove:
Theorem E. Let S = Σ1,1 or Σ0,4, N = PT
1(S), and let Γ be a filling collection of non-
parallel essential simple closed curves in minimal position. Then, there exists constants
K1 > 1 and K0 > 0, depending only on S, and an ordering Γ = {γi}ni=1, such that:
1
K1
(
n∑
i=1
dC(S)(γi, γi+1)
)
≤ vol(N
Γ̂
) ≤ K1
(
n∑
i=1
dC(S)(γi, γi+1)
)
+ nK0,
where γn+1 = γ1.
Proof. Our main tool will be to build stratifying surfaces in PT 1(Σ1,0) using flat structures
and then push them to PT 1(S). Note that since Γ is filling and in minimal position, N
Γ̂
is
hyperbolic by by [FH13].
Claim. Given a filling collection Γ0 of non-parallel essential simple closed curves in minimal
position on Σ1,0, there is a stratification of Γ̂0 in PT
1(Σ1,0).
Proof of Claim: Let T be the flat square torus structure on Σ1,0. Since any two minimal
position representatives of Γ0 give rise to isotopic canonical lifts by Corollary 3.9, we can
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assume that Γ0 = {γi}ni=1, where the γi are flat geodesics ordered by increasing slope. For
each γi, there is a line field on T with the same slope as γi. These line fields can be viewed
as disjoint and properly embedded incompressible surfaces in PT 1(Σ1,0) that stratify Γ̂0. 
Let Γ be a filling collection of non-parallel simple closed curves in minimal position on S.
Case S = Σ1,1. Let Γ0 be the image of Γ under the inclusion. By Lemma 5.1, a transver-
sal homotopy of Γ0 in Σ1,0 arrises from a transversal homotopy of Γ in Σ1,1. Thus, the
transversal homotopy from Γ0 to its geodesic representative on T can be realized relative
to the puncture of Σ1,1. Remove the fiber over the puncture from PT
1(Σ1,0) and puncture
the stratifying surfaces of Γ̂0 to stratify Γ̂.
Case S = Σ0,4. Let T be the flat unit square torus structure on Σ1,0 and consider the
hyperelliptic involution obtained by 180◦rotation. Remove the four fixed points of this in-
volution and the corresponding fibers from PT 1(Σ1,0). This gives the following commutative
diagram
Γ̂1 ⊆ PT 1(Σ1,4)
ĥ //

PT 1(S) ⊇ Γ̂

Γ1 ⊆ Σ1,4
h // S ⊇ Γ
where ĥ is the fiber-wise covering map induced by the hyperelliptic quotient map h. Let
Γ1 be a choice of one lift for each component of Γ under h. Let Γ0 on Σ1,0 be obtained
from Γ1 by filling the punctures. By Lemma 5.1, we can assume that the transversal
homotopy taking Γ0 to its geodesic representative on T is relative to the four punctures.
Thus, by puncturing the stratifying surfaces for Γ̂0, we get stratifying surfaces of Γ̂1. Since
these stratifying surfaces are line fields on T , they cover disjoint and property embedded
incompressible surfaces under ĥ, which are stratifying surfaces for Γ̂.
In either case, by Theorem A, there are constants K1,K0, depending only on S, with
1
nK1
(
n∑
i=1
dP(S)(PXi , PYi+1)
)
≤ vol(N
Γ̂
) ≤ K1
(
n∑
i=1
dP(S)(PXi , PYi+1)
)
+ nK0,
where {(PXi , PYi+1)}ni=1 are the Bers pants decompositions coming from the conformal struc-
tures of the covers corresponding to the stratifying surfaces. Since any such pants decompo-
sition contains only one loop, the pants distance is the same as the curve distance. Moreover,
this loop is forced to be the rank one cusp induced by γi. Therefore, we see that
dP(S)(PXi , PYi+1) = dC(S)(γi, γi+1)
and obtain our final result:
1
nK1
(
n∑
i=1
dC(γi, γi+1)
)
≤ vol(N
Γ̂
) ≤ K1
(
n∑
i=1
dC(γi, γi+1)
)
+ nK0.
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
5.2. Examples of stratified canonical links on higher complexity surfaces
In this section, we give various methods to constructing sequences of stratified canonical
links. First, we build pairs Γn of essential simple closed curves on hyperbolic surfaces Σg,k,
with (g, k) equal to (0,m+4), (1,m+1) or (g, 2+gm) for m ∈ N, such that Γ̂n is stratified
and the volumes behave quasi-isometrically with respect to curve complex distance. This
amounts to Theorem F, were we also show that the lower-bound of [RM17] behaves poorly
for these links. In the second half of this section, we demonstrate how stratified canonical
links naturally arise from quadratic differentials and pseudo-Anosov diffeomorphisms.
5.2.1. Stratified filling pairs of simple geodesics in higher complexity surfaces
Our goal for this subsection is to show
Theorem F. Let S = Σg,k be a hyperbolic surface with (g, k) equal to (0,m+4), (1,m+1)
or (g, 2 + gm) for m ∈ N and let N = PT 1(S). Then, there exists a sequence {(αn, βn)}n∈N
of filling pairs of essential simple closed curves on S in minimal position with the property
that dC(S)(αn, βn)↗∞ and a hyperbolic metric X on S such that:
vol(N
(α̂n, β̂n)
)  dC(S)(αn, βn)  log (`X(αn) + `X(βn))
where the quasi-isometry constants only depend on S. Further, for any subsurface decom-
position W of S, one has∑
Σ∈W
]{homotopy classes of αn and βn-arcs in Σ} < 6(κ(S) + 3)κ(S) for all n ∈ N.
Note that the homotopy class count is exactly the best known lower bound given in [RM17].
Definition 5.3. Given a hyperbolic surface S, a subsurface decomposition of S is the set
of components obtained after cutting S along a multicurve.
Lemma 5.4. There exists a hyperbolic metric Xo on Σ1,1 and a sequence {(αon, βon)}n∈N
of filling pairs of essential simple closed curves in minimal position with the property that
dC(S)(αon, βon)↗∞ and
vol(M
(α̂on,β̂
o
n)
)  dC(Σ1,1)(αon, βon)  log (`Xo(αon) + `Xo(βon)) ,
where the quasi-isometry constant are universal.
Proof. By Theorem E, we only need to show the second quasi-isometry. Consider the hyper-
bolic metric Xo on Σ1,1 obtained by gluing the opposite sides of a regular ideal quadrilateral
such that the orthogonal arcs become closed geodesics. We call these geodesics a and b. It
is easy to see that a, b have the same length, intersect once at a right angle, and are the
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systoles of Xo. Treating their intersection point as a basepoint, we get pi1(Σ1,1) = 〈a, b〉.
We will use + to denote composition in pi1(Σ1,1).
Choose αon to be a and β
o
n to be the geodesic representative of una+ un+1b, where {un}n∈N
is the Fibonacci sequence. By Lame´’s Theorem [Hon76], we have that:
dC(Σ1,1)(α
o
n, β
o
n) = n− 1
Let s
.
= `Xo(a) = `Xo(b) = arccosh
(
3+
√
2
2
)
. Since un ≤ un+1 ≤ 2un and ϕn−2 ≤ un ≤ ϕn−1,
where ϕ is the golden ratio, we conclude that:
sϕn−1 ≤ s un+1 ≤ `Xo(βon) ≤ s (un + un+1) ≤ 3s un ≤ 3sϕn−1.
the second inequality comes from the fact that by cutting βon along b gives us un+1 arcs
each of which has length at least s. Therefore,
log(ϕ)dC(Σ1,1)(α
o
n, β
o
n)− log(4s) ≤ log(`Xo(αon) + `Xo(βon)) ≤ log(ϕ)dC(Σ1,1)(αon, βon) + log(4s)
which concludes the proof. 
We can now prove Theorem F.
Proof. [Proof of Theorem F]
(a) Case S = Σ1,k, k > 0. Let a, b, α
o
n, β
o
n, and X
o be as in Lemma 5.4. Notice that a and
b intersect at a right angle. Consider, the k-fold cover h : Yk → X obtained by cutting
along b and gluing k-copies of X \ b cyclically. Then, αn .= h−1(αon) is a simple closed
geodesic that projects to k-times αon = a.
Claim: Up to subsequence, the full lift βn
.
= h−1(βon) is connected.
Proof of Claim: Since un = ι(β
o
n, b), the lift is connected whenever gcd(un, k) = 1. Since
{un}n∈N is Fibonacci sequence, it is a simple fact that there is a subsequence {uni}∞i=1
with gcd(uni , k) = 1 for all i. 
Thus, we can assume {(αn, βn)}n∈N is a sequence of filling pairs of essential simple
closed curves on Σ1,k.
Claim: For all n ∈ N the canonical links (α̂n, β̂n) are stratified.
Proof of Claim: Let (S1n, S
2
n) be the sections stratifying (α̂
o
n, β̂
o
n) in Theorem E. The
covering map h : Σ1,k → Σ1,1 induces a k-fold covering mapH : PT 1(Σ1,k)→ PT 1(Σ1,1)
mapping α̂n, β̂n to α̂
o
n, β̂
o
n, respectively. Notice that the preimage of every section
σ : Σ1,1 → PT 1(Σ1,1) under h is a section of PT 1(Σ1,k).
The preimage F in
.
= H−1(Sin) is a pi1-injective surface in PT 1(Σ1,k) containing α̂n for
i = 1 and β̂n for i = 2. Moreover, the F
i
n’s are essential, properly embedded, and
F 1n ∩ F 2n = ∅. Finally, each F in is the image of a section, so homeomorphic to Σ1,k. 
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Let N
.
= PT 1(Σ1,k) and N
o .= PT 1(Σ1,1). We get a k-fold cover N(α̂n,β̂n) → No(α̂on,β̂on)
and, therefore, vol(N
(α̂n,β̂n)
) = k vol(No
(α̂on,β̂
o
n)
). By Theorem E and Lemma 5.4,
vol(No
(α̂on,β̂
o
n)
)  dC(Σ1,1)(αon, βon)  log(`Xo(αon) + `Xo(βon)).
Combining these equations we obtain:
vol(N
(α̂n,β̂n)
)  log(`Xo(αon) + `Xo(βon))  log(`X(αn) + `X(βn)),
where X is the pull-back of Xo under the covering map. Note, the quasi-isometry con-
stants only depend on k. Further, since covers induce quasi-isometric embeddings be-
tween curve complexes [RS09], we have that dC(Σ1,1)(αn, βn)  dC(Σ1,k)(αn, βn). Hence,
vol(N
(α̂n,β̂n)
)  dC(Σ1,k)(αn, βn)  log(`X(αn) + `X(βn))
(b) Case S = Σ0,k with k ≥ 4. As in Theorem E, we can consider the hyperelliptic cover
from Σ1,4 to Σ0,4 of degree 2, and induce a covering map from Σ1,2(k−2) to Σ0,k of degree
2, by removing 2(k − 4) points from Σ1,4 in a symmetric with respect to the cover.
By [RS09], covering maps between hyperbolic surfaces yield quasi-isometric embeddings
between their corresponding curve complexes. Thus, we can take {(αn, βn)}n∈N on Σ0,4
to be the image of the sequence from part (a) for Σ1,4, which is a sequence of filling
pairs of simple closed curves, because the original covering from Σ1,4 to Σ0,4 sends simple
closed curves to simple closed curves by Lemma 5.1. Note that (αn, βn) is stratified by
Theorem E for all n ∈ N, so by part (a) we have that:
vol(N
(α̂n,β̂n)
)  dC(Σ0,k)(αn, βn)  log(`X(αn) + `X(βn)),
where the hyperbolic metric X is push-forward under the covering map of the metric
given in (a) for Σ1,2(k−2).
(c) Case S = Σg,k with k = 2 + gm, m ∈ N, g > 1. First, we work with a twice-punctured
surface of genus g and then we explain how to generalise to k = 2 + gm, m ∈ N.
Let {(α1n, β1n)}n∈N be the sequence of filling closed curves on Σ1,2 from part (a) aris-
ing from the cover h : Σ1,2 → Σ1,1. Moreover, assume that the induced h(β1n) =
una + un+1b ⊆ Σ1,1 have the property that gcd(un, g) = 1. Consider the simple arc δ
connecting the two punctures with the property that h(δ) on Σ1,1 corresponds to the
a+ b loop. Thus, ι(h(β1n), h(δ)) = un + un+1 = un+2 and ι(h(α
1
n), h(δ)) = 1.
For Σg,2, consider a rotation through the two punctures in a symmetrically arranged
way as in Figure 8. The quotient gives a degree g cover of Σ1,2. Let αn, βn be the
preimages of α1n, β
1
n under this cover, respectively. Since
gcd(ι(β1n, δ), g) = gcd(ι(h(β
1
n), h(δ)), g) = 1,
αn, βn are connected and give a filling pair of essential simple closed curves on Σg,2.
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Figure 8. The rotation on Σg,2 that gives a cover of Σ1,2.
Then, as in part (a), we obtain that α̂n, β̂n are stratified and
vol(N
(α̂n,β̂n)
)  dC(αn, βn)  log(`X(αn) + `X(βn)),
where X is the pull-back metric under the g-fold cover.
For the general case, we just start with Σ1,2+m with the sequence from part (a) and
take the slit cover corresponding to δ as before. Then, the g-fold cover has 2 + gm
punctures and the same asymptotics.
Finally, let W = ΣgW ,kW be an essential incompressible subsurface of S, then
]{hom. classes of αn-arcs in W} ≤ ]{hom. classes of disjoint proper simple arcs in W}.
A simple Euler characteristic argument bounds this by 6gW − 6 + 3kW ≤ 3(κ(W ) + 3).
Since W is incompressible κ(W ) ≤ κ(S). Lastly, as any subsurface decomposition of S has
at most κ(S) subsurfaces, we obtain∑
Σ∈W
]{homotopy classes of αn and βn-arcs in Σ} < 6(κ(S) + 3)κ(S) for all n ∈ N.

Corollary 1.2. Let S = Σ1,1 or Σ0,4, N = PT
1(S), and let (αn, βn) be a sequence of filling
pairs of essential simple closed curves in minimal position on S. Then there is a constant
C > 0 and for any hyperbolic metric X on S there is a constant CX > 0 such that:
lim sup
n→∞
vol(N
(α̂,β̂)
)
log(ι(αn, βn))
≤ C and lim sup
n→∞
vol(N
(α̂,β̂)
)
log(`X(αn) + `X(βn))
≤ CX
Further, there are sequences where both equalities are attained.
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Proof. By Theorem E, we know that vol(N
(α̂,β̂)
) ≤ 2K1dC(S)(α, β) + 2K0. A classical
result of Hempel [Hem01] and Lickorish [Lic62] states that dC(S)(α, β) ≤ 2 log2(ι(α, β)) + 2.
Further, by a result of Basmajian [Bas13], we have the bound ι(α, β) ≤ KX(`X(α)+`X(β))2.
Combining the two bounds gives the two asymptotics results. Lastly, note that by Theorem
F, that there are sequences that do attain some constants C > 0 and CX > 0. 
5.2.2. Examples from foliations
Here, we construct examples of stratified canonical lifts coming from foliations. Let F be
a singular foliation on Σg,0 with k singularities having p1, . . . , pk prongs, respectively. Let
ε = +1 if F is orientable and −1 otherwise. We will allow for pi = 2, which corresponds
to a removable singularity. Away from the singularities, F gives rise to a section Σg,k →
PT 1(Σg,k) by looking at the tangent line field to the leaves of F . For us, these sections will
be stratifying surfaces for canonical lifts of non-singular closed leaves of F , if they exist.
Fix 0 ≤ m ≤ k. To build examples, we will work with foliations arising from quadratic
differentials for a complex structure X on Σg,m and foliations associated to a pseudo-Anosov
diffeomorphism. Let Q(X) denote the space of holomorphic quadratic differentials with
simple poles at the m punctures. For q ∈ Q(X), there are two singular transverse foliations
Fh,q = ker Im√q and Fv,q = ker Re√q. For a pseudo-Anosov diffeomorphisms ϕ of Σg,m,
the Nielsen-Thurston classification theorem produces two transverse foliations Fs,ϕ and Fu,ϕ
that are preserved under the action of ϕ. These are called the stable and unstable foliations,
respectively. Note, in both cases, we think of the foliations as living on Σg,0, where the m
punctures count as singularities.
Since we will be puncturing the singularities of these foliations, we need a realizability
criteria on the number of singularities.
Theorem 5.5 ([MS93]). There is a pseudo-Anosov homeomorphism ϕ of a Σg,m such that
Fs,ϕ and Fu,ϕ realise the data (p1, . . . , pk; ε) with pi ∈ N and ε = ±1, if and only if:
(1)
∑k
i=1(pi − 2) = 4(g − 1)
(2) ε = −1 is any pi is odd
(3) (p1, . . . , pk; ε) 6= (6;−1), (3, 5;−1), (1, 3;−1) or ( ;−1)
(4) ]{i | pi = −1} ≤ m
Further, we can assume that Fs,ϕ = Fh,q for some q ∈ Q(X).
Note, part (4) above references the convention that the m punctures of Σg,m are realized by
1-prong singularities. Notice that for any Σg,k, we can pick 0 ≤ m ≤ k and find a pseudo-
Anosov or a quadratic differential for Σg,m whose foliations have exactly k singularities.
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Theorem G. Let X be a complex structure on Σg,m. Then every q ∈ Q(X) with k
singularities gives rise to a collection cyl(q) of essential simple closed curves on Σg,k such
that {Γ ⊆ cyl(q) | Γ is finite and Γ̂ is hyperbolic in PT 1(Σg,k)} is infinite.
Proof. Recall that q defines a finite-area, singular flat metric on Σg,0 with k cone points and
a natural preferred direction corresponding to Fh,q. Rotating this direction gives a family
of foliations Fθ,q = ker Im(eiθ√q) for 0 ≤ θ ≤ 2pi, which all share the singular points.
Let Θ(q) = {θ ∈ [0, pi) | Fθ,q has a non-singular closed leaf.}. Masur [Mas86] showed that
Θ(q) is dense in [0, pi). In particular, this gives a one to many map from fq : Θ(q) → S,
the set of simple closed curves in Σg,k, by mapping each θ ∈ Θ(q) to the collection of
homotopy classes of non-singular closed leaves of Fθ,q as realised on Σg,k by puncturing all
the singularities. Notice that every γ ∈ fq(θ) has γ̂ living on the tangent field to Fθ,q, which
is a proper incompressible surface in PT 1(Σg,k). These surfaces are disjoint for distinct θ
and will serve as our stratifying surfaces.
Let cyl(q) = fq(Θ(q)). If we can show that cyl(q) is infinite and filling, then there are
infinitely many finite filling sub-collections Γ ⊆ cyl(q). Since each element of cyl(q) is
geodesic, each Γ is in minimal position. By Lemma 3.1, it follows that Γ̂ is hyperbolic in
PT 1(Σg,k) and we have already show that Γ̂ is stratified.
Claim 1: cyl(q) is infinite.
Proof of Claim: Recall that the singular flat metric given by q on Σg,0 is non-positively
curved, so each simple closed curve in Σg,0 has a geodesic representative. These geodesic
representatives are either unions of saddle connections7 or closed non-singular geodesic
loops. Even though geodesic representatives are not unique, any two that represent the
same closed curve must jointly bound a flat cylinder with no cone points in its interior.
In particular, they must be parallel. Since every element of cyl(q) arrises as a closed non-
singular geodesic loop and Θ(q) is infinite, then so is cyl(q). 
Claim 2: cyl(q) is filling.
Proof of Claim: It is enough to show that cyl(q) is filling on Σg,0 and that is separates any
two cone points. Since every simple closed curve on Σg,0 has a representative that is a union
of saddle connections and any two cone points are connected by a saddle connection, it is
enough to show that every saddle connection is cut by an element of cyl(q). Let L be a
saddle connection in the flat metric defined by q. Fixed θ that is not parallel to L, then
the closure of the leaves of Fθ,q that meet L is subsurface Yθ of Σg,0. If Yθ has boundary,
then some component of ∂Yθ bounds a cylinder, which must intersect L and we are done.
Otherwise, there is an interval I ⊆ [0, pi) such that Yθ has no boundary, i.e. Yθ = Σn,k for
7A saddle connection is a geodesic arc in the flat metric connecting two cone points with no cone points in
its interior.
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θ ∈ I. Further, this means that all leaves of Fθ,q intersect L for θ ∈ I. Then, by [Mas86],
Fθ,q has a non-singular closed leaf for some θ ∈ I, which must intersect L. 
Claims 1 and 2 complete the proof. 
We now use pseudo-Anosov diffeomorphisms to build similar families.
Theorem H. Let ϕ be a pseudo-Anosov on Σg,m whose stable (and unstable) foliation has
k singularities. There are infinitely many pairs (γ1, γ2) of essential simple closed curves on
Σg,k such that the canonical lift of Γn = (ϕ
n(γ1), γ2) is stratified and hyperbolic for n ≥ K,
which depends on Σg,k and dC(Σg,k)(γ1, γ2). Further, there are constants A > 1 and B > 0,
depending only on Σg,k, such that:
1
A
dC(Σg,k)(ϕ
n(γ1), γ2)−B ≤ vol(NΓ̂n) for n ≥ K.
Proof. Recall that Fs,ϕ and Fu,ϕ carry transverse measures such that ϕ(Fs,ϕ) = 1λFs,ϕ and
ϕ(Fu,ϕ) = λFu,ϕ for some λ > 1. Further, these foliations define a singular flat metric on
Σg,m that agrees with the transverse measures and the foliations are orthogonal.
To build γ1, we start with a point x1 on a non-singular leaf `1 of Fs,ϕ. Pick ε1 > 0 such that
the 4ε1×ε1 rectangular box B1 centered at x1 does not contain any singularities. Since Fs,ϕ
is uniquely ergodic, flowing along `1 in some direction from x1 is guaranteed to return to
B1. On our first return to B1, we close up the loop by a flat geodesic segment δ1 to obtain
a simple closed curve γ1. Note that δ1 has slope between −1/2 and 1/2 by the choice of
B1. Since the measure of γ1 is non-zero with respect to Fu,ϕ, it must be essential.
We construct γ2 in the same way by starting with a point x2 on a non-singular leaf `2 of
Fu,ϕ using some ε2 > 0 and a ε2 × 4ε2 box to close up along a flat geodesic segment δ2.
This time, the slope of δ2 is smaller than −2 or bigger than 2. Notice that the choices of xi
and εi will produce infinitely many distinct homotopy classes of pairs (γ1, γ2). This can be
seen by shrinking εi to force a longer γi with respect to the transverse measures.
Smooth out the corners for each δi and let Γn = (ϕ
n(γ1), γ2).
Claim 1. Γ̂n is stratified in PT
1(Σg,k).
Proof of Claim: By a surgery on Fs,ϕ in the box B1, we build a new foliation F ′s parallel to
δ1, see Figure 9. Note, this involves locally compressing and expanding leaves of Fs,ϕ, so
the transverse measure is gone. The tangent field to F ′s lifts to an incompressible surface
S1 in PT
1(Σg,k), where we remove the k singularities. Doing the same construction for γ2
gives a surface S2 ⊆ PT 1(Σg,k). Notice that because of the slopes of δi are in distinct slope
intervals, the surfaces are disjoint.
Because γ1 and B1 avoid all singularities and ϕ(Fs,ϕ) = 1λFs,ϕ, we see that ϕn(F ′s) is still
transverse to Fu,ϕ. Lifting the image foliation gives a stratification of Γ̂n for all n. 
Claim 2. Γn is in minimal position.
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Figure 9. Surgery to make the foliation parallel to the δi arcs.
Proof of Claim: Since Γ̂n is stratified by transverse line fields, any immersed bigon between
ϕn(γ1) and γ2 would have to contain punctures. Thus, Γn is in minimal position. 
Claim 3. Γn is filling for n > K, where K depends on Σg,k and dC(Σg,k)(γ1, γ2).
Proof of Claim: By [MM99, Prop. 4.2], there is a constant c > 0, depending only on Σg,k,
such that dC(Σg,k)(ϕ
n(γ1), γ1) ≥ c n for all n ∈ N. Therefore, by the triangle inequality, if
we choose K ≥ (3 +dC(Σg,k)(γ1, γ2))/c, then dC(Σg,k)(ϕn(γ1), γ2) ≥ 3 for all n ≥ K. Any two
curves in C(Σg,k) of distance 3 or more must be filling, so Γn is filling for n ≥ K. 
Lemma 3.1, Claim 2 and Claim 3 imply that Γ̂ is hyperbolic in PT 1(Σg,k).
Lastly, we need to show that vol(N
Γ̂n
) ≥ 1AdC(Σg,k)(ϕn(γ1), γ2)−B for n ≥ K and constants
A > 1 and B > 0 depending only on Σg,k. By Theorem A, we know that:
1
K1
dP(Σg,k)(PXn , PYn) ≤ vol(NΓ̂n)
where PXn and PYn are pants decomposition containing ϕ
n(γ1) and γ2 respectively. By
Theorem 2.1, there are constants C, c1 > 1 and c0 > 0, depending only on Σg,k, such that:∑
Y⊆Σg,k
[dY (PXn ∪ PYn)]C ≤ c1 dP(Σg,k)(PXn , PYn) + c0
taking Y = Σg,k and combining with the previous equation, we obtain
1
K1c1
[dΣg,k(PXn ∪ PYn)]C −
c0
c1
≤ vol(N
Γ̂n
).
Since PXn , PYn contain ϕ
n(γ1), γ2, we know that dΣg,k(PXn ∪ PYn) ≥ dC(Σg,k)(ϕn(γ1), γ2).
Enlarging K from Claim 3, we can assume dC(Σg,k)(ϕ
n(γ1), γ2) > C for n ≥ K, allowing us
to drop [·]C . It follows that there constants A > 1 and B > 0, depending on Σg,k, such that
vol(N
Γ̂n
) ≥ 1
A
dC(Σg,k)(ϕ
n(γ1), γ2)−B for n ≥ K.

5.3. Unstratifiable pairs of simple closed curves in higher complexity surfaces
Recall that by Proposition C, adding a null homologous simple closed curve to any collec-
tion of essential closed curves Γ will always make Γ̂ unstratifiable and our volume bounds
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cannot be directly applied. Here we will look at consequences of Lemma 3.11 and construct
unstratifiable filling pairs of simple closed curves.
Proposition I. Let S be a hyperbolic punctured surface different from Σ1,1 or Σ0,4. Then
there exists a pair (α, β) of essential simple closed curves where (α̂, β̂) is unstratifiable.
Proof. Let S = Σg,k. By Lemma 3.11, it is enough to show that there is a filling pair of
simple closed curves (α, β) on S such that some simply connected component of S \ (α∪β)
is not a rectangle.
(a) Case g > 1. Consider a sequence of filling pairs of essential simple closed curves
(αn, βn) on Σg,0 such that Σg,0 \ (αn ∪βn) has at least n+ 1 connected components.
Since the Euler characteristic of Σg,0 is negative then there exist at least one con-
nected component D in Σg,0 \ (αn ∪ βn) with 2m+ 6 edges for some m ∈ N. Taking
n ≥ k, add one puncture to k distinct components of Σg,0 \ (αn∪βn), excluding D.
 
(i) (ii)
Figure 10. A pair of simple closed filling curves in Σ1,k where k is
even in (i) and k is odd (≥ 3) in (ii).
(b) Case g = 1 and k > 1. Consider the filling pairs in Figure 10. Notice that for each
k, we have a filling pair of essential simple closed curves such that if k is even, then
there is a simply connected component with 4+2k edges and, if k is odd, then there
is a simply connected component with 3 + k edges.
(c) Case g = 0 and k ≥ 6. Consider the filling pairs in Figure 11. Notice that for each
k, we get a filling pair of essential simple closed curves such that if k is even, then
there is a simply connected component with k edges and, if k is odd, then there is
a simply connected component with k − 1 edges.
Finally, for the case where g = 0 and k = 5, consider the filling pair of essential simple closed
curves in Figure 12. Notice that the shaded region is simply connected with 6 edges. 
5.4. Bounds for unstratifiable pairs
We conclude by showing that even when (α̂, β̂) is not stratifiable, we can still recover our
upper bound from Theorem B by adding punctures.
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(i)
(ii)
Figure 11. A pair of simple closed filling curves in (i) Σ0,6 (left) and
Σ0,8 (right), and in (ii) Σ0,7 (left) and Σ0,9 (right); where the last punc-
ture is at infinity.
Figure 12. A pair of simple closed filling curves in Σ0,5 where the last
puncture is at infinity.
Lemma 5.6. Let S be a hyperbolic surface and α, β ⊆ S filling pair of essential simple
closed curves in minimal position. If S′ is obtained from S by removing a point x, then for
any pants decomposition with α ∈ Q1, β ∈ Q2, there are extensions to Q′1, Q′2 in S′ with
1
2
dP(S′)(Q′1, Q
′
2) ≤ dP(S)(Q1, Q2) ≤ dP(S′))(Q′1, Q′2).
Proof. Since the set of simple closed curves S on S has measure zero, we can assume
x ⊆ S \S. The right-hand inequality is obtained by taking a geodesic in P(S′) between any
choice of extensions Q1 ⊆ Q′1, Q2 ⊆ Q′2 and filling in the punctures. We now show that
(1) dP(S′)(Q′1, Q
′
2) ≤ 2 dP(S)(Q1, Q2)
for appropriately chosen extensions Q′1 and Q′2. Let P1, . . . , Pn be a geodesic in P(S)
between Q1 = P1 and Q2 = Pn. We will inductively build a path in P(S′) of length at most
2 dP(S)(Q1, Q2) that will joint some extensions Q′1, Q′n of Q1, Qn, respectively.
First, we build P ′1. Since x ∈ S\S, there is a well defined component Yi of S\Pi that contains
x. Let δ1 to be an arc connecting x to some β1 ⊆ ∂Y1 and let α1 be the loop obtained by
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taking the non-β1 boundary component of a regular neighborhood of δ1 ∪ β1 in S′. Since
α1 is essential in S
′ and disjoint from P1, we get a pants decomposition P ′1
.
= α1 ∪P1 of S′.
At each step of the induction, P ′i will be obtained from an arc δi ⊆ Yi that terminates in a
curve βi ∈ ∂Yi such that P ′i .= Pi∪αi as above. Recall that to get from Pi to Pi+1, we replace
a curve γi ∈ Pi by curve γi+1 such that γi+1 is disjoint from Pi\γi and either ι(γi, γi+1) = 2,
whenever γi lies in the boundary of two distinct pairs of pants, or ι(γi, γi+1) = 1, whenever
γi lies in the boundary of the same pair of pants. The former is called an S-move and the
latter an A-move.
(i)
βi
γi
γi+1
(ii) γi = βi
Figure 13. The two possible obstructions to extending A-moves.
Case. S-move. By induction, we are given P ′i and δi. If ιS′(γi+1, αi) = 0, then we just
take δi+1 = δi and P
′
i+1 = Pi+1 ∪αi+1, so dP(S′)(P ′i , P ′i+1) = 1. Assume that ιS′(γ2, αi) 6= 0.
If βi 6= γi, then we are in case (i) from Figure 13. Here, βi 6= γi and we must move δi to
δi+1 ⊆ Yi+1. Let P ′′i be the pants decomposition where δi+1 connects x to the unique shared
boundary component between Yi and Yi+1. This operation takes one elementary move.
Making the flip from γi to γi+1 in P
′′
i takes us to P
′
i+1. This gives dP(S′)(P
′
i , P
′
i+1) = 2.
Similarly, in the case where γi = βi, we must move δi out of the way, which takes one move,
and then flip γi to γi+1. See Figure 13 (ii). We again get dP(S′)(P ′i , P
′
i+1) = 2.
Case. A-move. Essentially the same as in the case of S-moves and is left for the reader.
Building inductively gives a path in P(S′) between Q′1 = P ′1 to Q′2 = P ′n of length at most
2 dP(S)(Q1, Q2). Hence,
dP(S′)(Q′1, Q
′
2) ≤ 2dP(S)(Q1, Q2).
Notice that the extension Q′2 depends on the initial choice of Q1 and the chosen path
between Q1 and Q2. 
Corollary 5.7. Let S be a hyperbolic surface and α, β ⊆ S filling pair of essential simple
closed curves in minimal position. If S′ is S punctured at m points in S \ α ∪ β, then
1
2m
inf
P ′1,P
′
2
dP(S′)(P ′1, P
′
2) ≤ inf
P1,P2
dP(S)(P1, P2) ≤ inf
P ′1,P
′
2
dP(S′))(P ′1, P
′
2),
where P1, P2 are pants decompositions of S with α ∈ P1, β ∈ P2 and P ′1, P ′2 are pants
decompositions of S′ with α ∈ P ′1, β ∈ P ′2.
Proof. For m = 1, we use Lemma 5.6 and take an infimum. Applying this inductively as
we add one puncture at a time gives the desired result. 
Theorem D. Let S be a hyperbolic surface, N = PT 1(S), and let (α, β) be a filling pair of
essential simple closed curves on S in minimal position. Then there are constants K1 > 1
and K0 > 0, depending only on S, with
vol(N
(α̂,β̂)
) ≤ K1 inf
Pα,Pβ
dP(S)(Pα, Pβ) +K0,
where Pα, Pβ are any pants decompositions of S with α ∈ Pα, β ∈ Pβ. Further, when S has
punctures, this bound is asymptotically optimal.
Proof. Consider S \ (α∪β) and put a puncture x1, . . . , xm in every disk region that is not a
square to obtain a new surface S′. Note, by Euler characteristic, m is a bounded function of
χ(S). By Lemma 3.11, the canonical lift of Γ = (α, β) to PT 1(S′) is stratified by sections.
Moreover, Γ is still filling S′ and in minimal position, so M .= PT 1(S′) \ Γ̂ is hyperbolic by
Lemma 3.1. Since M is obtained from N
Γ̂
by drilling the vertical fibers corresponding to
x1, . . . , xk, we see that vol(NΓ̂) ≤ vol(M). Applying Theorem B to M gives the bound
vol(M) ≤ K1 inf
P ′α,P ′β
dP(S′)(P ′α, P
′
β) +K0,
which by Lemma 5.7 is equivalent to:
vol(M) ≤ 2m ·K1 inf
Pα,Pβ
dP(S)(Pα, Pβ) +K0.
When S is punctured, this bound is asymptotically optimal as Theorems G and H produce
sequences Γn = (αn, βn) with Γ̂n stratified, so we don’t need to add any extra punctures. 
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